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18 December 2023

Warm-up:

Expand (5 — x)(2 + 4x).
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For a square matrix A, if we have
Av = Ay
for some number A and some vector v # 0 then

o the vector v is called an of A, and
o the number /A is called an eigenvalue of A.

The letter A is a lowercase Greek “lambda”.

Note that if V is an eigenvector, any scalar multiple of v will also be an
eigenvector.




The eigenvalues of A are the values of A for which det(A — Al) = 0.

Proof: if AV = Av and vV 6then

AV = 1 (47)
AV— 217 =0

(A —/II)T/’) — 6 with ¥ % O
detA—-—4A71)=0
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., A, are the eigenvalues of A (counted
with algebraic multiplicity™), then

det(A) = Ay X Ay X - X 4,.

For an n X n matrix A, either...

ALL of these are true:
o A isinvertible

o det(A) =0
o () is not an eigenvalue
o rank(A) = n

ALL of these are true:
@ A is non-invertible

o det(A) =0
o () is an eigenvalue
o rank(A) < n

* We will define this in January.



Task: If matrix M satisfies
21118 l& bt 2
(2] =g = mr| )= ]3]

e give two eigenvalues of M.
o give five eigenvectors of M.
o calculate det(M).
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Task: Find the eigenvalues of A = ll 5
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Task: Find the eigenvalues of A = L .

A=(102+/-4)2 @



| can solve

| will tell you,
but you can't tell
anyone else.

Niccolo Tartaglia Gerolamo Cardano
1500 - 1557 1502 - 1576

Art: Matteo Bergamelli, Science Photo Library
See https://www.youtube.com/watch?v=cUzklzVXJwo for much more detail.




You have

tousey/—1. It

doesn’'t make sense, =y
but somehow it & .. | everyone,
works! Tve v
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 Niccold Tartaglia Gerolamo Cardano
1500 - 1557 1502 - 1576

Art: Matteo Bergamelli, Science Photo Library
See https://www.youtube.com/watch?v=cUzklzVXJwo for much more detail.
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What does 5 X 3 mean?
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o More advanced: no pictures, just 5 + 5 + 5.

@

What does 5 X % mean? 5.1 X9.267? 74 % (—12.38) ?

You have changed how you think about multiplication many times already!

\ﬁ is a symbol we use to describe the number forwhich X =7/,
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From now on, we will say that

® ®
-
-
®
There are many good reasons for this, but for now just consider it a new
part of the definition of how multiplication works.

People often write “1 =4/ —1".
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Using i = —1 and standard algebra rules, we can can now do lots of
computations with “"complex numbers”.

S3+7)=0-3)+0-7)

xX3+2x)=x-3 + x-2x
0+ 2x

i3+2)=i-3 + i-2i
i3 L 08
Sali-visg B i



A i,g b ra with com F‘L & X

Using i = —1 and standard algebra rules, we can can now do lots of
computations with “complex numbers”.

. .-~ The word “complex” here does not mean difficult -
1t~ or complicated (skomplikowana).
:— -- It means made-of-multiple-parts (
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Natural numbers: 0, 1,2, 3,4, ... (in some books,only 1,2,3.4,...)
Integers: ...,—3,—2,—1,0,1,2,3,4,...

Rational numbers are all the numbers that can be written as one

integer divided by another. Examples: %, —Tz, 1504 % = 3, 0, _TS

Real numbers are all the values on a number line. Examples:

Complex numbers can be written as a real number plus 4/ —1 times
a real number. Examples: 3+21, 9.7, l—i, \ -5



Complex num bers

Algebra idea: allow square roots of negative numbers
Geometry idea: 2D number plane




Complex #s in algebra: allow square roots of negative numbers.
Complex #s in geometry: instead of “number line”, use 2D number plane!
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What goes it mean geometrically to add complex numbers?

Addition of complex numbers works basically the same as addition of 2D
vectors!



What goes it mean geometrically to multiply complex numbers?

This iIs more difficult than addition. We will discuss it in the next lecture.

@ Special case we can easily say now: if 7 is a real number then r Z works
just like “scalar multiplication” rv with a vector.
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We call the horizontal (left/right) part of a complex number its real part,
and we call the vertical (up/down) part its imaginary part.

Example:
o The real part of 7 + 21 is just 7.
» The imaginary part of 7 + 21 is just 2.
» Note: it is not 21.
o The “imaginary part” is actually a real number.
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We call the horizontal (left/right) part of a complex number its real part,
and we call the vertical (up/down) part its imaginary part.

Writing a complex number as

iy l,
where both blanks are real numbers, is called rectangular form. If one of
the blanks is 0, we can skip that part and still call it rectangular form.

Examples:
o (14 i)’ in rectangular formis —2 + 2i.

® {7 in rectangular form is —i.



Polar form

J+3iu

4 right |

Instead of 4 right and 3 up, we can describe this point as
being 5 units away at an angle of 36.87/°.




Magnitude and arqument

The magnitude! of a complex number is its distance from 0.

We write 7z for the magnitude of a complex number Z.

Examples:

» The magnitude of 4+ 3i is 3.
@ |n symbols, this is written “ 4 +3i =5"

o 2SN
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a + bi =\/612+b2 if a and b are real

1. This is also called modulus, or norm, or absolute value.



Magnitude and arqument

The argument of a complex number is the angle between the positive
real axis and the line from 0 to that complex number.

We write arg(z) for the argument (the angle) of a complex number z.

Examples:

o The argument of 1+1 is 45°.
o Insymbols, “arg(l + i) =45°".

3 Y I
arg(\ﬁ +1) = i : : 3
® The argument of 4431 is arctan(z), also written atan(z) or tan_l(z).
A calculator can tell us this is approximately 0.6435, or 36.89°.



Where Is the point
z = 8cos(n/6) + 8sin(x/6) 1

on the complex plane? . = ¥(/ 5 ?(1/2)&;

(44/3) 4i
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Where Is the point
z = 8cos(n/6) + 8sin(x/6) 1

on the complex plane? . = ¥(/ + }?(1/2)&

(44/3) + 4i




For a number
z=a+ bi,
it can be difficult to find the magnitude and argument.
o This way of writing complex numbers is called rectangular form.

——— must be same number

e cos( = F sin() l
with » > 0, the magnitude is exactly r and the argument is exactly 6.
o This way of writing complex numbers is called polar form.



Task: calculate z° for
z = 8¢cos(30%) + 8 s1n(30°) i,

giving the answer in both rectangular and polar forms.
z2 = (4\@ + 41) (‘ﬁ/é + 4i)

Godpe3 + 16\/30L + 161/30 + 1602

2@ - 16

i]| < rectangular form
Because |z.2| = 322*-(32,\@) = &4

and arq(z?) = 60° or /3, we kave that
22 =| @4@05(@0 )-r- @4&»\(@0 )g,

< polar form



